W ith few exceptions th e tem perature where these positive charges occur is above the freezing-point.
(e) These low positive charges are associated w ith heavy rain an d th ey are probably generated by th e breaking of rain drops in ascending currents of air.
Our thanks are due to th e D irector of th e Meteorological Office for permission to publish this paper which was undertaken as p a rt of th e scientific work of the Kew O bservatory.
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A n ap p licatio n o f th e re su lts fo r Ca is m ad e to resolve a discrep an cy b etw een d e te rm in a tio n s of in te rste lla r electro n d ensities carried o u t using different m eth o d s b y S trom gren a n d S tru v e.
A knowledge of the continuous absorption coefficients of various atoms is required for the theory of stellar atmospheres and of the ionized layers in the upper atmosphere of the earth. As it is difficult to obtain the required information by experiment except in a few cases, special importance attaches to the development of accurate theoretical methods. For atomic hydrogen an exact calculation can be made: b u t approximate methods, which often have little pretence to accuracy, m ust be resorted to in other cases. The problem is one of calculating the probability of an atomic electron making a transition from a discrete state to one of the continuum on absorption of the light quantum. This involves a knowledge of the corresponding atomic wave functions. In calculations which have been carried out previously the approximation used for the discrete wave function has usually been fairly satisfactory, but the same cannot be said about th a t representing the con tinuous state. In many cases this has been assumed to be of hydrogen-like form with an effective nuclear charge the same as th a t for the ground state function. This can lead to completely illusory results for absorption near the low-frequency limit, as has been pointed out by Bates (1939) . A much b etter approximation is to take for the wave function the appropriate solution of the Schrodinger equation for the motion of the electron in the static average field of the atomic core. This procedure has been carried out for helium by Wheeler (1933) , for the atoms of the first row in the periodic table from boron to neon by Bates (1939) , for lithium by Hargreaves (1929) and for potassium by Phillips (1932) . For the latter atom the theoretical results can be com pared with the experimental results of D itchbum and Braddick (1933) and the agreement is very poor indeed.f To attem p t to remedy this situation it is necessary to carry the approximate determination of the continuous wave function a stage further, by including the possibility of electron exchange. This has been done for absorption by H -(Massey and Bates 1940). In this case the exchange effects were found to be unim portant, b u t it was pointed out th a t this is not likely to be a general result, particularly for heavier atoms. We have therefore chosen the case of absorption by Ca and Ca+ in their ground states to investigate the m atter further. A knowledge of the absorption of neutral and ionized calcium is im portant in astrophysics, and accurate ground state wave functions are obtainable from the calculations of D. R. H artree and W. H artree (1938) using the Fock method. The results obtained show th a t exchange can be very im portant and it is possible th a t its inclusion will clear up the discrepancy between theory and experiment for potassium. Calculations on the latter atom were begun by J . Ingham and f F o r a su m m ary of th eo retical a n d ex p erim ental w ork see a review b y Page (1939)* D. R. H artree before our work was commenced, b u t these have been tem porarily held up by the pressure of official duties. The possibility of bringing observed and calculated values into agreem ent for potassium by inclusion of exchange was first pointed out by D. R. H artree, to whom we are indebted for several discussions on the m atter.
From the calculated absorption coefficients it is possible to derive the coefficients of recombination for slow electrons into th e ground states of Ca and Ca+. The values we obtain m ay be utilized to resolve a discrepancy between the interstellar electron densities derived by Struve (1939) and by Stromgren (1939) using independent methods. This aspect of the m atter was first brought to our attention by D r Stromgren of Copenhagen Obser vatory, and it was originally intended th a t he would carry out the astrophysical application of our results. The German occupation of D enm ark has rendered this out of the question, so a brief analysis of the m atter has been carried out by us and is described in the concluding section.
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General theory
The continuous absorption coefficient kv of an atom for fight of frequency v is given by 327r4m2e2 3h?c T O |R I '
v is the velocity of the ejected electron, Wf are the initial and final wave functions of the atom, suitably normalized,! and r is the displacement of a particular electron from the centre of the atom. I f exact wave functions W are used this formula will give results of a high degree of accuracy so the theoretical problem is essentially one of obtaining accurate approxim ations for the wave functions.
For atoms such as Ca and Ca+ we m ay write, w ith sufficient approxim a tion,
where 0 is a function of the co-ordinates rc of the core electrons only and \Jf of the co-ordinates r of the outer shell electrons only. Since the ground 1"
i® norm alized to u n it d en sity a n d Wf to rep resen t a t in fin ity a n in cid en t w ave o f u n it am p litu d e to g e th e r w ith a core fu n ctio n o f u n it den sity. T he case = 0 requires special consideration for w hich see a preceding p a p e r (B ates, B uckingham , M assey an d U nw in 1939).
states of Ca+ and Ca are 4 s2 S and (4s)2 X S terms respect states of the continuum, of energy E, to which the transitions take place, must be (E p )2P and (Ep) (4s) X P terms respectively, in order th a t the selection rules be obeyed. We therefore have Of the functions appearing in (6), (7), all b u t i/r(Ep \ r), i/r+(Ep |r) are given by the self-consistent field calculations carried out by D. R. and W. Hartree (1938) for Ca and Ca+. The functions were calculated by the method due to Fock (1930) and include the effects of exchange. They m ust therefore be regarded as the most accurate which can be obtained a t present if the wave function is w ritten in the form (3).
Using these functions the left-hand integral of (7) may be evaluated numerically and we find For Ca:
To complete the calculation it remains to determine the functions E p | r) and i/r(Ep | r) with the same accuracy as the functions for the bound state.
D eter m in atio n of c o n tinu o u s w a ve f u n c t io n s
The Fock equations as developed by H artree m ay be applied im m ediately to set up equations which m ust be satisfied by | r) and iJr+(E p | r). For Ca+ these equations will take the same form as for any excited electron, while for Ca they are of the same form as for the p electron in a (4s) (np) X P configuration. These equations have already been given by D. R. and W. H artree (1938) . W riting ( cos 6 i/r+(Ep | r) = 3(ev)~* r~1P (E p \ r) j sin d cosfi lsin Q sin0, then in atom ic units +2Z» !r 2^} I ^+ = °» (9) where e is th e kinetic energy of the free electron in units 13-53 eV, Z+ is the effective nuclear charge for potential of the Ca++ core, and (9), the term s represented by Q arise f r o m inclusion of exchange. I f Q is p u t equal to zero the equations are of the ordinary dif ferential form and may be solved by standard numerical methods (Hartree 1927) using the function Z+ given by D. R. and W. H artree (1938) . When exchange is included the equations become of integro-differential type as the unknown function P (E p \ r) appears under integral signs in Q. No standard method exists for solving such equations, and a method of suc cessive approximation was employed to obtain self-consistent solutions. The procedure adopted was to deal first with the case e = 0. Using the results of the H artrees' investigations on the effect of exchange on the discrete wave functions of Ca+ and Ca a reasonable first estim ate was made of the solution. This was especially accurate for small distances r. The integrals appearing in Q were evaluated by using this estimated function, and the equation (9) solved numerically with this form for Q. By comparison of the resulting solution with th a t first estim ated it was then possible to improve the approxi mation. The process was repeated until the function used in evaluating Q was sufficiently nearly the same as th a t resulting by solving (9) w ith this value of Q. I t was found, as suggested by the H artrees, th a t it was not necessary to take the undetermined multipliers 7 into account until the final stages of the calculation. These multipliers were not im portant for Ca+, but were more so for Ca.
Having obtained the solution for e = 0, results for other values of e (up to e = 0*4 for Ca+ and e -0*1 for Ca) were obtained by ta values given for e = 0 and then solving (9) directly. This is of sufficient accuracy owing to the slow variation of Q with e.
In figure 1 the functions obtained for 0 for both Ca+ and Ca are illustrated, those calculated with neglect of exchangef (i.e. with = 0) being included for comparison purposes. I t will be seen th a t for Ca+ the effect of exchange is to pull in all the nodes of the function as if an additional attractive field were present. This is a general feature of exchange effects of a electron with a closed shell. For Ca again, exchange with the closed shell core pulls in the first two nodes, b u t the exchange repulsion due to the 4s electron, with opposite spin to the E p electron, cancels this effect for the higher nodes.
The normalization of the functions is somewhat laborious. The procedure has been described already by several authors. I f P (E p | r) joins smoothly a t large r to aGx + bHx where Gx, Hx are the functions given by the authors in a previous paper (Bates, Buckingham,.Massey and Unwin 1939) , then the correct normalizing factor is {\n e*( 1 + e)}*/(a2 + 62)*.
The difficulty is th a t the functions 0 lt H m ust be f a t two values of r such th a t the function Z p/r has tak en its asym ptotic form (2/r for Ca+, 1 /r for Ca), before this procedure can be applied. Some abbrevia tion of the work follows from the fact th a t functions used to normalize P (E p | r) for Ca a t a particular value of e m ay also be used to normalize P (E p | 2 r)for Ca+ a t 4e. In case the values calculated for Ox and Hx should be of use to other authors a table of them is included in the appendix.
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F ig u r e 1. W av e functions concerned in th e calcu lation o f continuous a b so rp tio n b y Ca a n d Ca+. U p p e r se t o f curves refer to Ca+, low er to Ca. C urves l a : continuous w ave fu n ctio n P(op/r) including exchange (e = 0). C urves 16: continuous w ave fu n ctio n P(op/r) w ith o u t inclusion o f exchange (e = 0). Curves I I : norm alised discrete w ave fu n c tio n P(4:sjr) m u ltip lied b y r. T he continuous functions are n o rm a l ised, a p a r t from a facto r ẽt .
N umerical results a nd discussio n
Having obtained the continuous wave functions, it is only necessary to complete the evaluation of the absorption coefficient by numerical integration. In obtaining the final numerical values the experimental value of the frequency v was used rather th an any theoretical value.
In table 1 the results obtained for Ca are given. I t will be seen th a t the values do not depart much from the v3 law either when exchange is intro duced or not. The effect of exchange is, however, quite marked in leading to a larger value of the absorption coefficient a t each frequency. For Ca+, the results for which are also given in table 1, the effect of exchange is much more marked. This is a very sensitive case where the interference between the functions appearing in the integrand of the m atrix element is very strong and small changes in either function make a great difference to the final answer. The extent of this interference may be judged by comparison of the absolute value of the absorption coefficient w ith th a t for Ca or for H (value given a t the foot of the table). Actually the sign of the m atrix element is changed by inclusion of exchange. I t is therefore by no means out of the question th a t cases should arise where the m atrix element vanishes a t some frequency near the lim it giving a variation of absorption coefficient w ith frequency of the form observed by D itchburn and Braddick (1933) for potassium.
In such cases as Ca+ where the results are so sensitive to small changes in the wave functions it is clearly out of the question to a ttain high accuracy in theoretical evaluation. Thus we have ignored the effect of polarization in the continuous wave function. Although its influence on the function m ay be small, the modification of the theoretical absorption coefficient m ay be considerable. I t can always be said, however, th a t as the high sensitivity arises from strong cancellation in the integrand of the transition m atrix element, in all cases where theoretical values are untrustw orthy, the absorption coefficient will be small. This always assumes, of course, th a t the theory is not too crude. For example, it is necessary to determine the continuous wave function a t least by numerical solution of the wave equation for the motion of the electron in the self-consistent field of the ion concerned. Empirical methods relying on the assignment of effective nuclear charge will not be adequate.
I t is im portant to decide under w hat conditions we can expect high sensi tiv ity to detail in theoretical absorption coefficients. This will occur almost exclusively in absorption by s electrons, for here only one final state of angular momentum is possible. In other cases two possible final states exist and it will be most unlikely th a t strong cancellation will occur in the m atrix elements for transitions to both these states. I t is unfortunate th a t the only cases where direct comparison of theory and experiment has proved possible should be of the sensitive type. The failure of theory to reproduce the exact form of the results for these cases should not be regarded as evidence of any fundam ental failure; it is satisfactory th a t for potassium the theory agrees with observation in predicting a small absorption coefficient a t the limit. Summing up, we m ust expect th a t, where theory predicts a small absorption, this will really be small, though the magnitude and frequency variation may not be accurate. On the other hand, where the theoretical absorption coefficient is of normal order of magnitude (10-17 cm.2) it is probably reliable in both magnitude and frequency variation. We assume again of course th a t both wave functions involved in the theoretical determinations are derived from self-consistent field calculations as outlined above.
Astrophysical application-The electron density in interstellar space.
Investigations on the electron density in interstellar space have been made by two distinct methods. Stromgren (1939) considered the source of the electrons. He assumed th a t they were all derived from hydrogen, the electron density N(e) being equal to the density of the hydrogen ions W(H+) and much greater than the density of the hydrogen atoms iV(H). He examined in detail the rates of the various processes leading to the formation and destruction of excited atoms (of density iV(H')), and by using the results of quantal calculations (Cillie 1932 (Cillie , 1936 , Bethe (1933) , Menzel and Baker (1937, 1938) he was able to determine the equilibrium constant K in the equation Dunham (1937) in the inter stellar absorption lines of calcium to determine the ratio of the density of singly ionized calcium ions, W(Ca+), to the density of calcium atoms, Ca). This was found to be 120. To obtain the electron density this result was substituted in the Saha equilibrium formula:^N
where I is the ionization potential of calcium, q" are the statistical weights of the atom and ion respectively, Tr, Te the temperatures respectively of the radiation and of the electrons and is the dilution factor. Taking Tr = Te = 15,000°K and ft = 10-16 Struve finds N(e) = 30/cm.3, ten times greater than the value found by Stromgren.
I t was pointed out by Stromgren (1939) th a t the Saha formula (11) does not give the true equilibrium as it does not allow for electrons recombining to excited states and then cascading to the ground state. This process reduces the value of N(e) given from (11) by a factor aff/cq where affis the recombination coefficient to the ground state of Ca and ctt the total recombination coeffi cient. Now < xg may be determined from our calculated absorption coefficient kv by the relation < xg = (okv(2h2v2/m2
where o) is the weighting factor ^ and v the velocity of the ejected electron. The recombination coefficients to the excited states may be obtained with sufficient accuracy by treating them as hydrogen-like (Bates et al. 1939) . We then find for electrons a t a temperature of 15,000° K, otg = 10-14/cm.3/sec., ot = 6 x 10 giving ccg/oit = i , N(e) = 5/cm.3.
This removes any disagreement between the two methods. I t should be noted that, while there is no marked discrepancy between quantal theory and experiment as regards recombination to the ground states of atoms, certain measurements by K enty (1928) and Mohler (1937) point to a much greater total recombination coefficient than do the calculations we have just used. I t is interesting to consider the effect of this difference. Taking ocg as before and using the experimental result txt = 4 x 10-11/cm .3/sec. gives a^/a^ = 2*5 x lO -4, N(e) = 0-008/cm .3. This is in very poor agreem ent w ith Strom gren's results. I t th u s appears th a t astrophysical evidence favours the view th a t th e recom bination observed by K en ty (1928) and Mohler (1937) was n o t due to a simple tw o-body radiative process-b u t it m ust be em phasized th a t this evidence is indecisive owing to th e m any uncertainties entering the astrophysical estim ations.
